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The Data



Phase Variation



The Statistical Model

Yij = Ìi︸︷︷︸
amplitude

Þ

 H−1i︸︷︷︸
phase

(tij )

+ ×ij︸︷︷︸
error

, j ∈ [mi ]︸  ︷︷  ︸
time

, i ∈ [n]︸︷︷︸
space

.



Local Variation

Ëf (t) :=

∫ t
0
|f ′(t̃)|dt̃∫ 1

0
|f ′(t̃)|dt̃

Ëaf◦g =Ëf ◦g

H−1 =Ë−1Þ ◦ËÌÞ◦H−1 , Ë−1Þ = �Ë−1
ÌÞ◦H−1



Optimal Estimation
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Spatial Registration
Algorithm 1: To estimate the warpings H−1i from the observations Yij
with pairwise distances dik .

Fit quintic splines with REML smoothing to the Yij and differentiate for
D̂Y i ;

Compute Ë̂i (t) :=
∫ t
0

∣∣∣D̂Y i (t̃)
∣∣∣dt̃/∫ 1

0

∣∣∣D̂Y i (t̃)
∣∣∣dt̃ ;

Compute the variogram data (dik ,
1
2 ||Ë̂

−1
i − Ë̂−1k ||2)i,k ;

Fit the Matérn model by iteratively reweighted least squares, producing
Õ̂;
Estimate the covariances Ĉik := 2Õ̂(∞)−2Õ̂(dik );
Estimate the optimal weights ŵ := Ĉ−11n

/
1⊤n Ĉ

−11n ;

Compute Ë̂Þ :=
(´n

i=1 ŵi Ë̂
−1
i

)−1
;

Estimate the warpings Ĥ−1i := Ë̂−1Þ ◦ Ë̂i ;



Simulation Results
Scheme A Scheme B Scheme C Scheme D

0.03 0.1 0.3 1 0.03 0.1 0.3 1 0.03 0.1 0.3 1 0.03 0.1 0.3 1

0.0000

0.0025

0.0050

0.0075

Variogram Parameter

E
st

im
at

ed
 A

v
er

ag
e 

M
ea

n
 S

q
u

ar
ed

 E
rr

o
r

Methodology

Non-Spatial

Spatial



The Google Drive Time Distance



Euclidean Distance Approximation

Algorithm 2: To approximate a (non-Euclidean) distance matrix D ∈
�

n×n by a Euclidean distance matrix D ∗ ∈�n×n .

Set B := −12H (D ◦D )H ;
Compute the spectral decomposition B =:

´n
i=1uiÝiu

⊤
i , where

Ý1 ≥ · · · ≥ Ýn ;
Choose p ≤ rankB ;
Set s∗i = (Ý1(u1)i , . . . ,Ýp (up )i )⊤ for i ∈ [n];
Set D ∗ik := ||s∗i − s∗k || for i ,k ∈ [n];



Approximating Driving Times: 2 Dimensions



Unaligned to Aligned



Stretch & Displacement I

Éi :=
∫ 1

0
tdH−1i (t)− 1

2
; Ïi := log

(
12

∫ 1

0

(
t −Éi −

1
2

)2
dH−1i (t)

)
.



Stretch & Displacement II


